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No non-trivial solutions are known of the diophantine equation f (x, y)= f (u, v),
where f (x, y) is the general quartic form given by f (x, y)=ax4+bx3y+cx2y2+
dxy3+ey4. This paper provides a necessary and sufficient condition for the exist-
ence of non-trivial solutions of this diophantine equation. It has also been shown
that, using this condition, integer solutions of the equation f (x, y)= f (u, v) can be
obtained in specific cases. As an example, integer solutions have been obtained for
the equation
x4+x3y+x2y2+xy3+ y4=u4+u3v+u2v2+uv3+v4,
which had not been solved earlier.  1999 Academic Press
The diophantine equation
f (x, y)= f (u, v), (1)
where f (x, y) is the general quartic form in two variables given by
f (x, y)=ax4+bx3y+cx2y2+dxy3+ey4 (2)
has been considered by Segre [1, pp. 387389]. However, no non-trivial
solutions are known when a, b, c, d, e are arbitrary. Segre has used the
existence of rational lines on the quartic surface given by (1) to obtain
integer solutions of Eq. (1). However, this approach, as he has himself
stated, is ‘‘of no help in studying the general equation’’ [1, p. 388]. In fact,
Segre [1, pp. 387389] has restricted his attention to the cases where either
f (x, y) has a linear factor or f (x, y) can be expressed in one of the follow-
ing ways:
f (x, y)=:(x4+ y4)+;x2y2+#xy(x2+ y2), (3)
f (x, y)=:(x4+ y4)+;x2y2+#xy(x2& y2) , (4)
f (x, y)=:(x4+ y4)+;x2y2 , (5)
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or
f (x, y)=:x4+;x2y2+#y4. (6)
When f (x, y) is of the form (3) or (6), Segre has given sufficient conditions
of the solvability of (1) and when f (x, y) is of the form (4) or (5), Segre
has indicated how a rational parametric solution of (1) may be obtained.
The conditions of solvability of Eq. (1) in the general case have not been
studied till now. The theorem given below provides a necessary and suf-
ficient condition for the existence of a non-trivial solution in integers of
Eq. (1). We note that (1) always has the trivial solutions x=u, y=v and
x=&u, y=&v. Further, the existence, or otherwise, of any solutions with
x=u, y=&v and x=&u, y=v is readily established. It is, therefore, suf-
ficient to explore the existence of those solutions of (1) where x{\u or
y{\v. Moreover, in view of the fact that the variables can be suitably re-
named, there is no loss of generality if we restrict our attention to those
solutions where y{\v. Finally, it may be noted that, since (1) is a
homogeneous equation, any rational solution of (1) may be multiplied
throughout by a suitable constant to yield a solution in integers.
Theorem. A necessary and sufficient condition that the quartic diophan-
tine equation
f (x, y)= f (u, v)
where
f (x, y)=ax4+bx3y+cx2y2+dxy3+ey4
has an integer solution with y{ \v is that there exist rational numbers m
and n such that the following two functions ,1(m, n) and ,2(m, n) given by
,1(m, n)=4amn3&3bmn2+2cmn&dm&bn3+2cn2&3dn+4e
(7)
,2(m, n)=4am3n&bm3&3bm2n+2cm2+2cmn&3dm&dn+4e
are either both zero or &,1(m, n) ,2(m, n) is a non-zero perfect square. For
a given quartic equation, if m, n are rational numbers such that the functions
,1(m, n) and ,2(m, n) are both zero, a rational parametric solution of the
quartic equation with y{\v is given by
x=ms&nt, u=&ms&nt,
(8)
y=&s+t, v=s+t,
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where s and t are arbitrary non-zero parameters. If, however, m and n are
rational numbers such that &,1(m, n) ,2(m, n) is a non-zero perfect square,
then a rational solution of the quartic equation with y{ \v is given by (8)
where we take
s=,1(m, n)
and
t=[&,1(m, n) ,2(m, n)]12. (9)
In either case, the rational solution, on multiplying by a suitable constant,
leads to an integer solution with y{\v.
Proof. The condition is necessary: Let there exist a non-trivial solu-
tion of (1), say, (X, Y, U, V) with Y{\V. Then
f (X, Y)= f (U, V).
We write m=(X&U)(V&Y) and n=&(X+U)(V+Y). Using these
values of m, n, we get
(V+Y)2 ,1(m, n)+(V&Y)2,2(m, n)
=8[ f (X, Y)& f (U, V)](Y2&V2)&1=0. (10)
As (V+Y){0, it follows from (10) that
&,1(m, n) ,2(m, n)={ (V&Y) ,2(m, n)V+Y =
2
. (11)
Since Y{ \V, it now follows from (10) and (11) that either ,1(m, n) and
,2(m, n) are both zero, or &,1(m, n) ,2(m, n) is a non-zero perfect square.
This proves that the condition of the theorem is necessary.
The condition is sufficient: Let there exist rational numbers m and n
such that ,1(m, n) and ,2(m, n) are either both zero or &,1(m, n) ,2(m, n)
is a non-zero perfect square. We write
X=ms&nt, U=&ms&nt
(12)
Y=&s+t, V=s+t.
Using these values, we get
f (X, Y)& f (U, V)=&2 st[t2,1(m, n)+s2,2(m, n)]. (13)
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If ,1(m, n) and ,2(m, n) are both zero, we get
f (X, Y)= f (U, V)
and X, Y, U, V given by (12) provide a rational solution of (1). In this
solution, s and t are arbitrary parameters and by taking s{0, t{0, we are
assured of a solution with Y{\V.
If ,1(m, n) and ,2(m, n) are both non-zero and &,1(m, n) ,2(m, n) is a
perfect square, we take
s=,1(m, n)
and
t=[&,1(m, n) ,2(m, n)]12 (14)
in (12). Then both s and t are non-zero and, using (13), we get
f (X, Y)& f (U, V)=&2,1(m, n)[&,1(m, n) ,2(m, n)]12
_[&,21(m, n) ,2(m, n)+,
2
1(m, n) ,2(m, n)]
=0.
Thus, if we take s and t as in (14), then (12) provides a rational solution
of (1). Further, since s and t are both non-zero, it readily follows that this
solution also satisfies the condition Y{ \V. Thus, when there exist m and
n satisfying the conditions of the theorem, we can find a rational, and
hence, an integer solution of (1) with Y{\V. This completes the proof
that the condition is sufficient.
The above proof also shows that when the condition holds, a solution of
the equation with y{\v is obtained as stated in the theorem.
The above theorem can be used to obtain solutions of (1) in specific
cases. As an example, we consider the equation
x4+x2y2&191y4=u4+u2v2&191v4. (15)
This is a special case of (1) where f (x, y) is of the form (6). This type of
equation has been considered by Segre whose theorem [1, p. 389] on the
subject may be stated as follows:
Theorem. The equation
:x4+;x2y2+#y4=:u4+;u2v2+#v4
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has a rational parametric solution of the second degree if either &:; or &#;
is different from zero and equal to the sum of the squares of two rational
numbers.
Applying Segre’s theorem to Eq. (15), we find that &:;=&1 and
&#;=191. It is readily seen that neither &1 nor 191 can be expressed as
the sum of the squares of two rational numbers. Thus, Segre’s condition
does not help in solving (15). It is pertinent to note here that while Segre’s
condition is sufficient for the existence of solutions of (15), it is not a
necessary condition. Applying the theorem proved in this paper, we find
that for Eq. (15),
&,1(m, n) ,2(m, n)=&4(2mn3+n2+mn&382)(2m3n+m2+mn&382).
By trial it is found that when m=1 and n=7, then &,1(m, n) ,2(m, n)=
518400=7202. These values of m, n lead us to the following solution of
(15):
x=3, y=0, u=4, v=1.
As a second example, we consider the equation
x4+x3y+x2y2+xy3+ y4=u4+u3v+u2v2+uv3+v4. (16)
Solutions of this equation have not been obtained before. Here again, the
relevant theorem of Segre [1, p. 389] for this type of equation is inade-
quate for solving (16). In this case,
&,1(m, n) ,2(m, n)=&[m(4n3&3n2+2n&1)&n3+2n2&3n+4]
_[m3(4n&1)&m2(3n&2)+m(2n&3)&n+4].
By trial it is found that when m=14 and n=192, then &,1(m, n) ,2(m, n)
=(49532)2. Thus our condition is satisfied and we obtain, after removal
of common factors, the following solution of (16):
x=8, y=5, u=11, v=&7.
It may be noted that if we find one pair of rational values of m and n
such that &,1(m, n) ,2(m, n) becomes a non-zero perfect square, addi-
tional pairs of rational values of m and n satisfying this condition can be
found. Let m0 and n0 be the values of m and n respectively such that
&,1(m0 , n0) ,2(m0 , n0) is a non-zero perfect square. To obtain additional
rational solutions of the equation
r2=&,1(m, n) ,2(m, n), (17)
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we may fix the value of m as m0 and consider the equation
r2=&,1(m0 , n) ,2(m0 , n) (18)
in variables r and n. The right-hand side of Eq. (18) is now a quartic func-
tion of n and the solution of Eq. (18) depends on the roots of the quartic
equation in the variable n given by
,1(m0 , n) ,2(m0 , n)=0. (19)
There are now two possibilities.
(i) If Eq. (19) has four distinct roots, then Eq. (18) is a quartic model
of an elliptic curve and using the known rational point on this curve, addi-
tional rational points on this elliptic curve may be found using the group
law. In fact, if the elliptic curve is of positive rank, there exist infinitely
many rational solutions of Eq. (18) and these, in turn, lead to infinitely
many solutions of the original quartic equation under consideration.
(ii) If Eq. (19) has a repeated root, it is easily seen that this repeated
root must be rational and the problem of solving Eq. (18) reduces to the
problem of making a rational quadratic function of n a non-zero perfect
square when one solution is already known to be n=n0 . This is a
straightforward exercise and in fact, in this case, we readily get a
parametric solution of Eq. (18). This, in turn, would lead to a parametric
solution of the original quartic equation under consideration.
Similarly, in Eq. (17), we may fix the value of n as n0 and consider the
equation in variables r and m given by
r2=&,1(m, n0) ,2(m, n0). (20)
As before, when we had fixed the value of m as m0 in Eq. (17), this equa-
tion either represents an elliptic curve or it reduces to a second degree
equation. In either case, we may find, as before, additional rational solu-
tions of Eq. (20) and hence of the original quartic equation being studied.
In the case of Eq. (16), using the values m=14 and n=192 which
make &,1(m, n) ,2(m, n) a perfect square, it is readily found that m=14
and n=9718 also make &,1(m, n) ,2(m, n) a perfect square, and hence,
we derive a second solution of (16) which is as follows:
x=76, y=&489, u=&173, v=507.
More numerical solutions of (16) can similarly be found. In fact, it
has been verified by the referee (using APECS, a package written in
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MAPLE for working with elliptic curves) that if we fix n=192 in the
equation
r2=&,1(m, n) ,2(m, n)=&[m(4n3&3n2+2n&1)&n3+2n2&3n+4]
_[m3(4n&1)&m2(3n&2)+m(2n&3)&n+4],
the rank of the resulting elliptic curve is positive (it is either 2 or 4). Thus
there exist infinitely many rational solutions of the above equation. It
follows that Eq. (16) has infinitely many integer solutions.
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